We consider the enumeration of unlabeled directed hypergraphs by using Pólya's counting theory and Burnside's counting lemma. Instead of characterizing the cycle index of the permutation group acting on the hyperarc set A, we treat each cycle in the disjoint cycle decomposition of a permutation ρ acting on A as an equivalence class (or orbit) of A under the operation of the group generated by ρ. Compared to the cycle index method, our approach is more effective in dealing with the enumeration of directed hypergraphs. We deduce the explicit counting formulae for the unlabeled q-uniform and unlabeled general directed hypergraphs. The former generalizes the well known result for 2-uniform directed hypergraphs, i.e., for the ordinary directed graphs introduced by Harary and Palmer.
Introduction
In 1937, Pólya [16] developed a powerful theory for treating the symmetries of graphs or more in general, certain types of discrete configurations under a given permutation group, which nowadays is known as Pólya's theorem or Redfield-Pólya theorem and represents one of the cornerstones of modern combinatorics. Theoretically, this theory provides us with a universal technique to count the unlabeled graphs or in particular, the graphs which meet some specific requirements. Following Pólya, the enumeration problem for various types of graphs were studied in the literature. For examples, some results on ordinary graphs and hypergraphs can be found in [3, 5, 7, 8, 9, 10, 11, 14, 17] and [4, 12, 15, 18, 19, 21] , respectively. In particular, the pre-1973 work on this problem was nicely included in the text book [9] written by Harary and Palmer. In this paper, we consider the enumeration of unlabeled directed hypergraphs, i.e., non-isomorphic directed hypergraphs. A directed hypergraph D is a pair V, A , where V is the vertex set and A is its hyperarc set. As a generalization of directed graph, a hyperarc a or simply, an arc a, in a directed hypergraph is a nonempty vertex subset with a specified vertex called its source or root. That is, a is an ordered pair v, W with v ∈ V and W ⊆ V \ {v}. The set W is also called the sink set of the arc [1, 6, 13, 20] . A directed hypergraph D = V, A is called q-uniform (1 q |V |) if each arc v, W consists of exactly q vertices (including its root), i.e., |W | = q − 1. Generally, a directed hypergraph in which the sink set W can consist of any number of vertices is called a general directed hypergraph. In addition, all the hypergraphs considered here are simple, i.e., the multiple arcs are not allowed.
We apply Pólya's counting theory and Burnside's counting lemma to our enumeration problem. In general, the key point of Pólya's theory to treat the number of cycles in the disjoint cycle decomposition of the permutations is to characterize the cycle index of the involved permutation group, which has been widely used in graphical enumeration. However, to characterize the cycle index may become particularly complex for some cases, e.g., for undirected hypergraph [12, 18, 21] , the standard and frequently used method for which is to use the generating function.
We will, however, not try to characterize the cycle index. Instead, we consider the number of cycles from a different point of view which arises from a simple observation, i.e.: a cycle in a permutation π acting on a set X could be regarded as an equivalence class (or orbit) of X under the operation of the group generated by π.
Compared to the cycle index method based on generating function, our approach is more effective in dealing with the enumeration of directed hypergraphs. We deduce the explicit counting formulae for the unlabeled q-uniform directed hypergraphs with 1 q |V | and unlabeled general directed hypergraphs. The former generalizes the well known result for the ordinary directed graphs introduced by Harary and Palmer [9] . Some numerical results are also listed, as examples.
Main results
Let ρ be a permutation acting on a set X and let Ω(ρ) be the number of cycles in the disjoint cycle decomposition of ρ. As mentioned in the previous section, Ω(ρ) could be regarded as the number of equivalence classes (or orbits) of X under the operation of the group generated by ρ: i.e., ρ = {ρ, ρ 2 , · · · , ρ |ρ| }, where |ρ| is the order of ρ. Thus, by Burnside's lemma [2] we get the following observation. Observation 1. The number of cycles in the disjoint cycle decomposition of a permutation ρ is
where Ψ(ρ i ) is the number of elements of X left fixed by ρ i , i.e., invariant under ρ i .
We now turn to the enumeration problem of the directed hypergraphs. In the following, the vertex set of a directed hypergraph D of order n is always set to be [n] = {1, 2, · · · , n}. In terms of the Pólya's counting theory, we model a directed hypergraph D (general or uniform) as an arc coloring of the complete directed hypergraph K n (general or uniform) of order n using two colors. Thus, the problem is equivalent to determining the number of equivalence coloring classes of K n under the operation of the group induced by the automorphism group S n of K n , i.e., the symmetry group on [n].
For a partition P of n, we will write it either as the form P : p 1 + p 2 + · · · + p k or as P : 1α 1 + 2α 2 + · · · + nα n , for the convenience of our discussion, where α i is the number of the integers i in the partition. Given natural numbers a 1 , a 2 , · · · , a m , we denote by (a 1 , a 2 , · · · , a m ) and [a 1 , a 2 , · · · , a m ] the greatest common divisor and the least common multiple of a 1 , a 2 , · · · , a m , respectively.
A permutation π ∈ S n with the disjoint cycle decomposition π = σ 1 σ 2 · · · σ k induces a partition of n, i.e., P : p 1 + p 2 + · · · + p k , where p i is the length of the cycle σ i . Conversely, it is well known [9] that a partition P :
permutations in S n , each with disjoint cycle decomposition of the form 1 α 1 2 α 2 · · · n αn , where i α i represents the product of α i cycles of length i, i = 1, 2, · · · , n. For a permutation π ∈ S n , we denote by ρ(π) the permutation acting on the arc set induced by π. For simplicity, we also use ρ(P ) to denote ρ(π(P )), where π(P ) is an arbitrary permutation in S n induced by P .
Let P(n) be the class of all the partitions of n. Then by Burnside's lemma [2] , the number of unlabeled directed hypergraphs of order n is given by
where Φ(ρ(P )) (resp., Φ(ρ(π))) is the number of colorings left fixed by ρ(P ) (resp., by ρ(π)). In terms of the cycle index, Φ(ρ(P )) can be represented as 2 Ω(ρ(P )) , where Ω(ρ(P )) is the number of cycles in ρ(P ). We notice that the order of the permutation
where
and Ψ(ρ t (P )) is the number of arcs left fixed by ρ t (P ). Let π be induced by a partition P : Let u rs , Q be an arc of a directed hypergraph, where
and u rs ∈ {n r1 , n r2 , · · · , n rpr } \ Q r . We call r the root subscript of u rs , Q . It is clear that the arc u rs , Q restricted on {n r1 , n r2 , · · · , n rpr } is u rs , Q r .
By the definition of the directed hypergraphs, the arc u rs , Q is left fixed by ρ(π t ) if and only if u rs is left fixed by π t and Q is left fixed by ρ(π t ), i.e., π t (u rs ) = u rs and ρ(π t )(Q) = Q. Similarly, u rs , Q r is left fixed by ρ(π t ) if and only if π t (u rs ) = u rs and ρ(π t )(Q r ) = Q r . For a subset Q i , we write it as a (0,1)-sequence:
, where a ij = 1 if n ij ∈ Q i and a ij = 0 for otherwise. One can see that Q i is left fixed by ρ(π) if and only if a ij = a i,j+1(modp i ) for any j ∈ {1, 2, · · · , p i }. In general, we have the following result. for any j ∈ {1, 2, · · · , p i }, where η = (t, p i ); 2). u rs , Q r is left fixed by ρ(π t ) if and only if t is a multiple of p r .
has an integer solution m with 1 m < (p i /η)(t/η). Thus, we have lp i + η = mt, i.e., η ≡ mt (modp i ), where l is an integer. This implies that j + mt = j + η (modp i ). Equivalently, n ij ∈ Q i if and only if n i,j+η(modp i ) ∈ Q i , i.e., a ij = a i,j+η(mod)p i for each j ∈ {1, 2, · · · p i }. 2). We notice that if t is a multiple of p r , then Q r is left fixed by ρ(π t ). Therefore, 2) follows directly since u rs is left fixed by π t if and only if t is a multiple of p r . This completes our proof.
General directed hypergraphs
By the definition of the directed hypergraphs, we note that any arc consists of at least one vertex, i.e., the root vertex. By Lemma 2, if Q i (i = r) is left fixed by ρ(π t ) then the sequence Q i = a i1 a i2 · · · a ip i is determined uniquely by its subsequence a i1 a i2 · · · a iη since η divides p i . The number of such subsequences, i.e., the (0,1)-sequences of length η, is clearly 2 η . Again by Lemma 2, u rs , Q r is left fixed by ρ(π t ) if and only if t is a multiple of p r , i.e., t = mp r for some integer m. The number of such pairs u rs , Q r is clearly 2 pr−1 p r . On the other hand, an arc u rs , Q is left fixed by ρ(π t ) if and only if u rs , Q r and Q i are left fixed by ρ(π t ) for each i ∈ {1, 2, · · · , k} \ {r}. In this case we must have t = mp r . Therefore, the number of such arcs, i.e., Ψ * (ρ t (P )), is exactly
Thus, combining with (2) and (3) we reach the following result immediately.
Theorem 3. Let d * (n) denote the number of unlabeled general directed hypergraphs of order n and let
By Theorem 3, the numerical results for the number of unlabeled general directed hypergraphs with the number of vertices from 1 up to 12 are listed in Table 1 , as an example.
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q-uniform directed hypergraphs
Given k non-negative integers q 1 , q 2 , · · · , q k with
is determined uniquely by its subsequence a i1 a i2 · · · a iη . In this case, if such Q i exists then p i /η must divide q i and consequently, the subsequence a i1 a i2 · · · a iη consists of exactly q i /(p i /η) = q i η/p i = ξ elements 1. The number of such subsequences, i.e., the (0,1)-sequences of length η consisting of exactly ξ elements 1, is clearly η ξ if p i /η divides q i and is zero for otherwise. Again by Lemma 2, u rs , Q r is left fixed by ρ(π t ) if and only if t is a multiple of p r , i.e., t = mp r for some integer m. Therefore, the number of the pairs u rs , Q r is clearly p r pr−1 qr . On the other hand, the arc u rs , Q is left fixed by ρ(π t ) if and only if u rs , Q r and Q i are left fixed by ρ(π t ) for each i ∈ {1, 2, · · · , k} \ {r}. In this case we have t = mp r for some integer m. Therefore, the number of such arcs is equal to
if p i /η im divides q i for each i ∈ {1, 2, · · · , k} \ {r} and is 0 for otherwise, where
Let lcm(Q r ) be the least common multiple of p r and those p i with
where η im = (mp r , p i ), ξ im = q i η im /p i and
Combining with (2)- (5), we reach the following result. Theorem 5. The number of unlabeled q-uniform directed hypergraphs of order n is given by
where Ω(ρ(P )) is defined as in (5).
In the following we give the more concise expressions of Ω q (P ) for q ∈ {2, 3}, in terms of p i , i = 1, 2, · · · , k. The result for q = 2 (Corollary 6), i.e., the ordinary directed graphs, simplifies the one given by Harary and Palmer [9] by using the generating function approach.
Proof. For convenience, we write
Since q = 2, we have two cases to discuss. Case 1. q i = 1 for some i = r and q j = 0 for all j = i.
In this case, we have lcm(
Noticing that q r = 0, we have
The sum over all the i's and the root subscript r's with r = i is clearly
Case 2. q r = 1 and q i = 0 for all i = r. In this case we have lcm(Q r ) = p r and ω(Q r ) = p r − 1 directly. The sum over all r's is clearly
Corollary 7.
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Proof. Since q = 3, we have four cases to discuss. Case 1. q i = q j = 1 (i, j = r) and q h = 0 for all h = i, j.
The discussion for this case is similar to Case 1 in the proof of Corollary 6, which yields
The sum over all the triples i, j, r with root subscript r is clearly
Case 2. q i = q r = 1 and q j = 0 for all j = i, r.
The discussion is similar to that in Case 1 which yields that
The sum over all the pairs r and i with root subscript r is clearly
Case 3. q i = 2, i = r, and q j = 0 for all j = i. 
for otherwise. We note that the same discussion can be also taken for the case when i represents the root subscript and q r = 2. We denote it by Q i . 
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Case 4. q r = 2 and q i = 0 for all i = r. In this case we have lcm(Q r ) = p r and ω(Q r ) = 1 lcm(Q r ) p r p r − 1 q r = p r − 1 2 .
The corollary now follows directly by combining (6)-(9).
By Corollary 6 and Corollary 7, the numerical results of the number of unlabeled q-uniform directed hypergraphs with q = 2, 3 and the number of vertices from 1 up to 13 are listed in Table 2 , as an example. The results with the number of vertices up to 8 for 2-uniform directed hypergraphs (i.e., the ordinary directed graphs) were also listed in [9] .
